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Abstract
An “anomalous” supersymmetry transformation of the gaugino axial current
is given in supersymmetric Yang-Mills theory. The contact term is computed to
one-loop order by a gauge-invariant point-splitting procedure. We reexamine
the supercurrent anomaly in this method.
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Much discussion has been given for anomalies in supersymmetric field theories in
various contexts [1, 2, 3, 4, 5, 6]. Less attention has been paid, however, to quantum
mechanical supersymmetry transformation laws which composite operators obey [4].
Short distance singularities demand that these transformations have an “anomalous”
part– more accurately– the part which does not have a classical counterpart and yet
which is necessary to preserve a proper quantum-mechanical transformation law.
In ref. [4], Konishi has given an example in supersymmetric QCD. In this note,
we provide another example by examining the supersymmetry transformation of the
gaugino axial current in supersymmetric Yang-Mills theory. We will see that our
computation yields the following charge algebra (see later for the definitions):
[Q5,Qα] = Qα −
∫
dx∆0,α(x; ǫ) . (1)
We follow the notation of [7]. We denote operators in Heisenberg picture by bold
faces whereas operators in the interaction picture are denoted by ordinary faces. We
will carry out computation by a gauge-invariant point-splitting procedure.
In order to find a connection of our result with the existing literature on the
supercurrent/superconformal anomaly [1, 2, 5], we have reevaluated the supercurrent
anomaly by the same method.
Let us begin with defining a regularized chiral U(1) current of gauginos λ, λ¯ by a
gauge-invariant point splitting:
jℓ(x | ǫ) ≡ (σℓ)αα˙j
α˙α(x | ǫ), U(x | ǫ) ≡ P exp
(
−ig
∫ x+ǫ/2
x−ǫ/2
dx′mvm(x
′)
)
,
η¯α˙j
α˙α(x | ǫ)ηα =
1
k
trη¯λ¯(x+ ǫ/2)U(x | ǫ)λ(x− ǫ/2)ηU †(x | ǫ) , trT aT b = kδab .(2)
The gauge fields vm in the path-ordered exponentials are taken to be inert, namely,
considered to appear only in external lines. We should mention that the current
defined this way has an anomalous divergence which supposedly obeys the Adler-
Bardeen theorem. This current is, therefore, quantum-mechanically distinct from the
current commonly known asR- current, which is defined typically by a (supersymmetric-
) dimensional regularization, and whose anomalous divergence forms a supermultiplet
with the superconformal anomaly and the trace anomaly [5].
A well-known supersymmetry algebra of elementary fields reads
[ξQ,vaℓ (x)] = −iξσℓλ¯
a
(x) , [ξ¯Q¯,vaℓ (x)] = iξ¯σ¯ℓλ
a(x) ,
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[ξQ,λa(x)η] = ξσnmηvanm(x) , [ξ¯Q¯, λ¯
a
(x)η¯] = ξ¯σ¯nmη¯vanm(x) , (3)
[ξ¯Q¯,λa(x)η] = [ξQ, λ¯
a
(x)η¯] = 0 ,
from which one finds the classical transformation law for the axial current:
δξjℓ = [ξQ, jℓ] = −ξ
αSαℓ , with ξSℓ ≡ −ξσ
nmσℓλ
avanm . (4)
We will find its quantum-mechanical counterpart shortly.
Let us introduce a regularized supercurrent and its conjugate by
ξSℓ(x | ǫ) ≡ −
1
k
trξσnmσℓλ¯(x+ ǫ/2)U(x | ǫ)vnm(x− ǫ/2)U
†(x | ǫ) ,
ξ¯S¯ℓ(x | ǫ) ≡
1
k
trξ¯σ¯nmσ¯ℓλ(x+ ǫ/2)U(x | ǫ)vnm(x− ǫ/2)U
†(x | ǫ) , (5)
We find a supersymmetry algebra for the Heisenberg operators:
δξjℓ(x | ǫ) = [ξQ, jℓ(x | ǫ)] = −ξSℓ(x | ǫ) + ξ∆ℓ(x | ǫ) ,
δξ¯jℓ(x | ǫ) = [ξ¯Q¯, jℓ(x | ǫ)] = ξ¯S¯ℓ(x | ǫ)− ξ¯∆¯ℓ(x | ǫ) , (6)
where
ξ∆ℓ(x | ǫ) =
1
k
tr(σℓλ¯(x+ ǫ/2))αδξU(x; ǫ)λ(x− ǫ/2)
αU †(x; ǫ)
+
1
k
tr(σℓλ¯(x+ ǫ/2))αU(x; ǫ)λ(x− ǫ/2)
αδξU
†(x; ǫ)
= −ig
∫ x+ǫ/2
x−ǫ/2
dym
1
k
tr(σℓλ¯(x+ ǫ/2))α[δξv
m(y),λ(x− ǫ/2)α]
+ higher order expansion in U . (7)
We call ∆ℓ(x | ǫ) a contact term as it is cubic in fermions and has a purely quantum-
mechanical origin. Defining
Q5 ≡
∫
d3xj0(x | ǫ) , Qα ≡
∫
d3xS0α(x | ǫ) = Qα , (8)
we find the charge algebra stated in eq. (1).
Let us now evaluate this term ∆ℓ(x | ǫ) to lowest order in perturbation theory.
We will use the position space propagators for gauge bosons and gauginos:
< Tξλ(x)ξ¯λ¯(y) > = −ξσ · ∂ξ¯J1 (x− y) ,
< Tvℓ(x)vk(y) > = −i[ηℓkJ1(x− y) + (1− α)∂
(x)
ℓ ∂
(x)
k J2(x− y)] ,
Jm (x− y) =
∫ d4k
(2π)4
e−ik·(x−y)
1
(k2 − i0)m
. (9)
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The gauge parameter has been denoted by α. The following formulas are expedient
to our calculation. ( Use, for instance, the symmetric integration method):
lim
ǫ→0
ǫℓ
∂
∂ǫℓ′
J2(ǫ) =
−i
32π2
ηℓℓ
′
,
lim
ǫ→0
ǫℓ
∂
∂ǫn
∂
∂ǫm
∂
∂ǫj
J3(ǫ) =
i
32π2
1
6
(ηℓnηmj + ηℓmηnj + ηℓjηnm) . (10)
In order to carry out, in the interaction picture, a normal-ordered (perturbative)
expansion of the right hand side of eq. (7) in the limit ǫℓ → 0, we need the following
formula concerning the gaugino two-point function:
lim
ǫ=y−x→0
ǫℓη¯λ¯
a
(y)λb(x)η = −
g
32π2
fabc∂mv
c
n(x0)η¯K
ℓmn(a′, b′)η + 0(g3) , (11)
Kℓmn(a′, b′) = ǫℓmnrσ¯r − i
(a′ − b′)
3
(ηℓnσ¯m + ηℓmσ¯n + ηmnσ¯ℓ) ,
where a′ + b′ = 1 and x0 = x+ b
′ǫ = y− a′ǫ. Only the choice a′ = b′ = 1/2 , i .e. the
mid-point prescription, leads to a gauge-covariant answer. We will adopt this choice
in what follows.
We find
lim
ǫ→0
ξ∆ℓ(x | ǫ) =
−ig2
32π2
C2(adj)ξσjλ¯
c(x)∂mv
c
ntrσℓK
jmn + 0(g4)
=
−ig2
16π2
C2(adj)ξσ
jλ¯c(x)v˜cℓj(x) + 0(g
4) , (12)
where
v˜cℓj ≡
1
2
ǫℓjmnv
mn c . (13)
Our result eq. (12) is easily seen to be proportional to the supersymmetry trans-
formation of the Chern-Simons density, which are (in our normalization)
Kℓ(x) ≡
g2
4π2
ǫℓmnr
1
k
tr
(
vm(x)∂nvr(x) +
2
3
igvmvnvr
)
,
δξKℓ(x) =
−ig2
2π2
ξσjλ¯a(x)v˜aℓj(x) . (14)
The coefficient in eq. (12) differs, however, from what one would naively infer from
the axial anomaly:
lim
ǫ→0
∂ℓjℓ(x | ǫ) =
1
2
C2(adj)∂
ℓKℓ(x) . (15)
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( The extra factor 1/2 is accounted for by Majorana fermions.) This is as it should
be : taking derivatives increases degrees of ultraviolet divergences in momentum
integrands and does not commute with the limit ǫ→ 0.
In order to understand our result and its connection to the existing literature
better, we will calculate the divergence of the supercurrent lim
ǫ→0
∂ℓξ · Sℓ(x | ǫ) by the
present method. ( ξ¯σ¯ · S(x | ǫ) = 0 in the present regularization.) After using
equations of motion and Bianchi identity, 2 we find
∂ℓξ · Sℓ(x | ǫ) =
ig
k
trξσmnσℓλ¯(x+ ǫ/2)
[
∂ℓ
(∫ x+ǫ/2
x−ǫ/2
dx′jv
j(x′)
)
,vmn(x− ǫ/2)
]
+ higher order expansion in U . (16)
Going to the interaction picture, we find, up to order g2,
lim
ǫ→0
∂ℓξ · Sℓ(x | ǫ) = −g
2C2(adj) lim
ǫ→0
ǫj∂ℓv
a
j (x− ǫ/2)×∫
d4z(σkλ¯a(z))α < Tξσ
mnσℓλ¯(x+ ǫ/2)λα(z) >< Tvmn(x− ǫ/2)vk(z) > . (17)
Converting the expression into momentum space, we find
lim
ǫ→0
∂ℓξ · Sℓ(x | ǫ) =
g2
32π2
C2(adj)ξ(∂
ℓσ · va(x))σ¯ · ∂σℓλ¯
a(x)
=
g2
32π2
C2(adj)[(∂ · v
a(x))(ξσ · ∂λ¯a(x))
− (∂{ℓvm}(x))(ξσ
ℓ∂mλ¯a(x))− iv˜aℓm(ξσ
ℓ∂mλ¯a(x))] , (18)
where we used eqs. (9),(10)and the midpoint prescription. The right hand side of
eq. (18) can be written as a total derivative ∂ℓ
(
g2
32π2
C2(adj)ξσ · v
a(x)σ¯ · ∂σℓλ¯a(x)
)
once the on-shell condition for gauginos σ · ∂λ¯a(x) = 0 is imposed.
Separately, we find
lim
ǫ→0
(
ξ∂ℓ∆ℓ(x | ǫ)
)
=
ig2
16π2
C2(adj)
(
ξσj∂ℓλ¯a(x)
)
v˜ajℓ(x) . (19)
Therefore,
lim
ǫ→0
∂ℓδξjℓ(x | ǫ) = lim
ǫ→0
∂ℓ (−ξ · Sℓ(x | ǫ) + ξ∆ℓ(x | ǫ))
2 As we have used the equation of motion for the gauge fields without a gauge fixing term, eq. (16)
should be viewed as a statement with respect to the physical states.
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=
g2
32π2
C2(adj)c1[−(∂ · v
a(x))(ξσ · ∂λ¯a(x))
+ (∂{ℓv
a
m}(x))(ξσ
ℓ∂mλ¯a(x))− 3iv˜aℓm(ξσ
m∂ℓλ¯a(x))] (20)
6= δξ lim
ǫ→0
∂ℓjℓ(x | ǫ) .
We see that the supersymmetry transformation does not commute with the limiting
procedure. The first term in eq. (20) vanishes on-shell whereas the second term can
be written as a total derivative on-shell and therefore can formally be absorbed into
a redefinition of ξ · Sℓ(x | ǫ). The supercurrent anomaly on-shell can therefore be
written as
−3ig2
32π2
C2(adj)∂
ℓ(v˜aℓmξσ
mλ¯a(x)) . (21)
This agrees with eq. (4.11) of the first reference of [1] conjectured to be equivalent to
3g2
32π2
C2(adj)∂
ℓ(vaℓmξσ
mλ¯a(x)) . (22)
It is interesting to see that the contact term is essential in saturating the requisite
coefficient of the anomaly3.
To summarize, a current defined by
ξSˆℓ(x | ǫ) ≡ δξjℓ(x | ǫ)−
g2
32π2
C2(adj)[ξσℓv
a(x) · ∂λ¯a(x) + ξσ · va(x)∂ℓλ¯
a(x)]
+
3ig2
32π2
C2(adj)v˜
a
ℓmξσ
mλ¯a(x) . (23)
is conserved and saturates the superconformal anomaly:
ξ¯σ¯ · Sˆ(x | ǫ) = −
3g2
16π2
C2(adj)v
a
ℓmξ¯σ¯
ℓmλ¯a(x) . (24)
We have not fully investigated implications of eq. (1). One obvious thing is,
however, that the supercharge Qα does not carry a definite chiral charge. For the
vacuum with unbroken supersymmetry,
δξQ5 | 0 >= −
∫
dxξ∆(x) | 0 > (25)
3 Eq. (22) was derived from the calculation of the on-shell matrix elements of the supercurrent
divergence by the Adler-Rosenberg method and the supersymmetric dimensional regularization [1, 2].
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holds. This illustrates a point difficult to incorporate in the Born-Oppenheimer ap-
proximation [9]. (See also [8, 10].) A mere truncation to the zero momentum modes
does not respect this equation. Additional insertions into the ground state wave
function are required in order to implement eq. (25).
We thank Marc Grisaru for a useful discussion.
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